We show that the fluctuation field of the simple exclusion process on Z" converges to a mean zero generalized Omstein-Uhlenbeck process.
We consider the simple exclusion process on Zd. This is a continuous time Markov process whose state space consists of particle configurations where there is at most one particle per site, (0, l}"". A particle at site x attempts to jump to one of the nearest neighbor sites, after an exponential waiting time of intensity one, with equal probability, 1/2d. If the site it wants to jump to is occupied, then the jump does not take place. If we denote an element of the state space by n then it is well known [5] that the process can be constructed with a generator L defined by where e is a unit lattice vector, and n""(z) If we let f(n) = T(X), the projection of 77 to site x, then it is easy to see that the action of L on q(x) is given by Lv(x)=&, F, (77(x+e)-77(x)). , where a typical path may be denoted by X:( .). It can be shown [l] that when E + 0, X:( .) converges to a deterministic limit given by the functional I p( t, x)( .) dx, where p(x) satisfies the diffusion equation
With an initial condition ~(0, x) = p"(x).
We consider the fluctuations of the density field from its mean value, denoted by YF(.),
We prove that as E + 0, Yr( .) converges to a mean zero generalized OrnsteinUhlenbeck process. This result was proved in the one dimensional case by Calves, Kipnis and Spohn [2] . The result in higher dimensions is not an immediate consequence of the one dimensional result. The symmetric simple exclusion in one dimension has been studied in great detail and many intricate properties of this process in hydrodynamical limit, including the result stated above are known [l] . The main tool in proving these results is the fact that the two point truncated correlation function V, (which will be defined later) is bounded above by CF. In higher dimensions V2 is expected to have singularities. For example in two dimensions, one expects 1 K/F'/ -Iln a/, near the origin. To obtain our result we only need to show that Ed ~x,,xIIz~~ ~~(~x,)~(~x~)V~(.x,,x~)~ is bounded uniformly in F, where C$ is a test function. We obtain this L, estimate directly without studying the properties of V, pointwise. If one wants to consider problems such as the one considered in this note, for more complicated models (such as the weakly asymmetric simple exclusion) it would be necessary to obtain sharp estimates of V,, n 22 pointwise. The result obtained in this note is needed to obtain such a result for the weakly asymmetric simple exclusion [S] . Proof. The result is proved in three steps.
Step 1. Let P', F E (0, 11, be the law of the process Y: with values in
. We show that the family of measures {P'} is tight. This implies that there are convergent subsequences of {P'}.
Step 2. We show that every subsequential limit has to be supported on
Step 3. We show the uniqueness of the subsequential limits and identify it as a mean zero generalized Ornstein-Uhlenbeck process.
Steps 1 and 3 are obtained by using the Martingale characterization of the process and
Step 2 is elementary.
Step 1. It follows from a theorem of Mitoma [7] that to prove tightness for the process { YF(. )}, it is sufficient to prove tightness for the process {Y: (4) 
($, t), yz(4, t) such that for t E [0, T], M'(t) = Y;(4) -N'(t)=(M'(t))*-
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Moreover,
Therefore tightness criterion is reduced to checking
Step 2. That the subsequential limits are supported on C([O, T], s'(Rd)) follows from the fact that the jump process YT( 4) makes at most one jump in an infinitesimal time and the jump size is bounded by 2 SU~~]~(X)]E~'~. / Exclusion .fluctuationv
Step 3. Uniqueness and identification of the limit using Holley and Stroock's First we dispose of the diagonal terms. That is the terms corresponding to x, = x7 = x.
In this case we obtain
Since the term in the square brackets is bounded and rC, is integrable over [Wd we see that this term is bounded. If x, f x2 then we obtain -&*7(X,, 
where PF is the semi-group generated by Lg. If we assume that the initial measure 
